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Abstract
The M(atrix) model has a dual realization as IIA superstring theory in the near-
horizon geometry of the supergravity D0-brane. The role of adS2 in this correspondence is
reviewed. It is pointed out that the generalization of holograpy this suggests is essentially
Mach’s principle.
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The dynamics of n D0-branes of IIA superstring theory at an energy scale E is de-
scribed, in the limit p
α0E ! 0 , gs ! 0 , (1)
by a non-relativistic U(n) supersymmetric gauge quantum mechanics with 16 supersym-
metries, otherwise known as the M(atrix) model [1]. Here, α0 is the inverse string tension
and gs is the string coupling constant. The M(atrix) model is just a D=10 super-Yang-
Mills (SYM) theory dimensionally reduced to D=1. The (dimensionful) coupling constant
of this SYM theory is




The group of symmetries of the M(atrix) model (excluding supersymmetries) is the
D=10 Bargmann group, which is a central extension of the Galilean group; the central
charge is the D0-brane mass. This group is a subgroup of the D=11 Poincare group for
which a null component of the 11-momentum is central. The (super)Bargmann invariance
of the U(1) theory follows from the fact that the action is the null reduction of the
action for the D=11 massless superparticle [2]; the extension to U(n) then follows from
the fact that the relative D0-brane coordinates of translation and boost invariant. We
conclude that the non-relativistic limit described above is equivalent to a limit in which
the spacelike circle of S1 compactied M-theory becomes lightlike. It has been argued
that all degrees of freedom of IIA superstring theory other than D0-branes decouple in
this limit [3], so that the M(atrix) model provides a denition of M-theory on a lightlike
circle, as originally conjectured [1, 4]. The UV regime of D=11 supergravity is then
described by the IR dynamics of the SYM theory. But the IR limit of the gauge theory is
its strong coupling limit, so the M(atrix) model will resolve the UV divergences of D=11
supergravity only if its IR divergences are tamed by the strong coupling dynamics. To
see whether this is indeed the case, we need to understand the gauge theory at strong
coupling.
Progress in this direction is made possible in the limit of large n by ’t Hooft’s topo-








The topological expansion is an asymptotic expansion in geff . According to a general-
ization of the adS/CFT correspondence [6, 7], the dual asymptotic expansion in g−1eff is
provided by IIA supergravity in the background of its D0-brane solution [8]. In the string
frame the non-vanishing elds of this solution are





s ?9 dH (4)
where ~F8 is the 8-form dual of the 2-form Ramond-Ramond (RR) eld strength, ?9 is
the Hodge dual on E9, and H is a harmonic function on E9. The gs-dependence may be
determined from the solution with gs = 1 by means of the transformation
φ ! φ + λ
~F8 ! e−λ ~F8 (5)
where λ is a constant. This is not an invariance of the action but it is an invariance of
the eld equations.
In coordinates such that
ds2(E9) = dr2 + r2dΩ28 , (6)
where dΩ28 is the SO(9)-invariant metric on E
9, we may choose the harmonic function H
to be






Given the factor of g−1s in ~F8, this choice corresponds to N coincident D0-branes at the
origin of E9. We can now rewrite H as







U = r/α0 . (9)
The variable U has dimensions of energy. It is the energy of a string of length r, although
one should not read too much into this fact as U will shortly be seen to be merely a
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convenient intermediate variable. For the moment we need only suppose (subject to later
verication) that ‘low energy’ corresponds to the limit
p
α0U ! 0. For any non-zero gY M
this implies geff(U) ! 1, which we need in any case for the validity of the dual IIA
supergravity description of the D0-brane dynamics. The low-energy limit is therefore a








There is a problem with this limit, however, because the string frame metric of (4) has a
curvature singularity at singularities of H , i.e. at U = 0.
Although the string frame is natural in the context of IIA superstring theory, it is not
obviously the prefered frame in the context of the M(atrix) model. Of course, no frame
is really ‘prefered’ because the physics cannot depend on the choice of frame, but there
may be a frame in which the physics is simplest. It was argued in [7] that the prefered
frame in this sense is the ‘dual’ frame, dened for a general p-brane (up to homothety)
as the one for which the dual brane (the D6-brane in our case) has a tension independent
of the dilaton. In this frame, and for all p 6= 5, the singularities of the harmonic function
H in the p-brane metric are Killing horizons near which the D-dimensional geometry is
adSp+2  SD−p−2 [9, 10]. This result generalizes the interpolation property of p-branes,
such as the M2,M5 and D3 branes, that do not couple to a dilaton [11]. For the D0-brane
the dual frame metric d~s2 is related to the string frame metric as follows:
d~s2 = (eφN)−2/7ds2st . (11)
The factor of N is included here for later convenience. The D0-brane metric is now
d~s2 = −H5/7dt2 + H2/7(dr2 + r2dΩ28) , (12)
and in the near-horizon limit we have
d~s2  −C 57U−5dt2 + (α0)2C 27U−2dU2 + (α0)2C 27dΩ28 , (13)








This singularity of the metric at at U = 0 is now only a coordinate singularity at a Killing
horizon of ∂U , but the metric still depends on the SYM coupling constant. To circumvent





The near-horizon D0-brane solution is now
(α0)−1d~s2 = −u2dt2 + u−2du2 + dΩ28
eφ = N−1 [geff(u)]
7/5
~F8 = 7N vol(S
8) (16)
We recognise this as adS2  S8, with standard (horospherical) coordinates for the adS2
factor. As u is now the only dimensionful variable it sets the energy scale for solutions
of the massless wave equation in the near-horizon geometry. This fact implies that an
infra-red cut-o of supergravity at length α0u corresponds, via holography [12], to an
ultraviolet cut-o of the D0-brane SYM theory at energy u [13].
The adS2 metric has an SL(2; R) isometry group. This does not extend to a symmetry
of the full near-horizon solution because the dilaton eld is invariant only under the one-
dimensional subgroup generated by ∂t, However, scale transformations generated by the
Killing vector eld t∂t − u∂u take one hypersurface of constant u into another such
hypersurface, which leads to a rescaling of geff (u). A hypersurface of constant u is thus
the vacuum of the M(atrix) model at coupling geff(u). As we rescale u we go either to
a free theory with geff = 0 at the adS2 boundary, which is obviously scale invariant,
or towards a strongly coupled theory at the Killing horizon of ∂t at u = 0. In order to
keep eφ small in the latter limit we must take N large. However, for any nite N the
eective string coupling constant will still become large suciently near u = 0 and the
IIA supergravity description will break down. This is an indication that we should pass
to D=11 supergravity.
Given that the full D0-brane solution (4) is the reduction of the M-wave, one might
wonder what the near-horizon limit of the D0-brane solution lifts to in D=11. In view
of the fact that the non-relativistic D0-brane action is the null reduction of the D=11
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massless superparticle action, the obvious guess is that the near-horizon limit of the D0-
brane solution is a null reduction of the M-wave. This is true, in the following sense [14].
The M-wave metric is
ds211 = dudv + Kdu
2 + ds2(E9) (17)
where K is harmonic on E9; it is also an arbitrary function of u but in order to reduce
to D=10 we must choose it to be u-independent. The choice K = Q/r7 where r is the
distance from the origin in E9 now leads to the D0-brane solution (4) after reduction
along orbits of the timelike Killing vector eld ∂u − ∂v. This is the standard timelike
reduction. We may instead reduce along orbits of the Killing vector eld ∂u, which is
null at spatial innity. To this end we set v = 2t and write (17) as
ds211 = K(du + K







is the string frame 10-metric. The IIA solution resulting from reduction on orbits of
∂u is therefore the D0-brane solution in the near-horizon limit, i.e. with H replaced by
K = H − 1.
It is satisfying that the dual supergravity description of n D0-branes for large n is
a wave solution because this is what one would expect from the Bohr correspondence
principle. However, we have still to consider what happens at u = 0. In many cases,
singularities of IIA solutions are resolved by their D=11 interpretation [15], but this does
not happen here. The singularities of the harmonic function K are curvature singularities
of the M-wave solution, so the D=11 supergravity description must break down there.
The reason that the IIA supergravity dual description breaks down is that the eective
string coupling becomes large. While this implies a decompactication to D=11 it also
implies that the neglect of string loop corrections, and hence M-theory corrections in
D=11, cannot be ignored. It might be hoped that these M-theory corrections will be
provided by the M(atrix) model (since it is supposed to provide a complete description of
uncompactied M-theory), but the short distance singularity of the supergravity solution
corresponds to an IR singularity of the SYM theory. The IR regime of the SYM theory
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is its strong coupling regime that we hoped to describe by the supergravity dual, so we
are back to our starting point and apparently no wiser about how to resolve the UV
divergences of D=11 supergravity.
This exchange of UV problems in D=11 supergravity with IR problems in the M(atrix)
model leads the author to wonder whether the M(atrix) model might simply be a dual
reformulation of D=11 supergravity rather than a quantum consistent replacement for
it, but this is presumably just a limitation of the above analysis. On the positive side,
this analysis shows the M(atrix) model proposal to be a close cousin of Maldacena’s
adS/CFT proposal [16]. The latter case is generally considered to provide an illustration
of the concept of holography [17]. If this is extended to the M(atrix) model and, more
generally, to other branes then the general statement would seem to be that the bulk
gravitational physics is determined by the physics of the ‘matter’ on branes or other
singularities of the spacetime, but this is essentially Mach’s principle.
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